This article was downloaded by: [Tomsk State University of Control Systems
and Radio]

On: 23 February 2013, At: 05:45

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954
Registered office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH,
UK

Molecular Crystals and Liquid
Crystals

Publication details, including instructions for
authors and subscription information:
http://www.tandfonline.com/loi/gmcl16

Instability Thresholds of
Nematic and Smectic-C Liquid
Crystals in Elliptically Polarized
Rotating Magnetic Fields

Michael A. Piliavin ® & R. M. Hornreich ®
# Department of Isotope Research

b Department of Electronics, Weizmann Institute of
Science, Rehovot, Israel
Version of record first published: 28 Mar 2007.

To cite this article: Michael A. Piliavin & R. M. Hornreich (1976): Instability
Thresholds of Nematic and Smectic-C Liquid Crystals in Elliptically Polarized Rotating
Magnetic Fields, Molecular Crystals and Liquid Crystals, 35:3-4, 185-190

To link to this article: http://dx.doi.org/10.1080/15421407608083668

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-
and-conditions

This article may be used for research, teaching, and private study purposes.
Any substantial or systematic reproduction, redistribution, reselling, loan,
sub-licensing, systematic supply, or distribution in any form to anyone is
expressly forbidden.

The publisher does not give any warranty express or implied or make any
representation that the contents will be complete or accurate or up to
date. The accuracy of any instructions, formulae, and drug doses should be



http://www.tandfonline.com/loi/gmcl16
http://dx.doi.org/10.1080/15421407608083668
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions

Downloaded by [Tomsk State University of Control Systems and Radio] at 05:45 23 February 2013

independently verified with primary sources. The publisher shall not be liable
for any loss, actions, claims, proceedings, demand, or costs or damages
whatsoever or howsoever caused arising directly or indirectly in connection
with or arising out of the use of this material.




Downloaded by [Tomsk State University of Control Systems and Radio] at 05:45 23 February 2013

Mol. Cryst. Lig. Cryst., 1976, Vol. 35, pp. 185-190
© Gordon and Breach Science Publishers, Ltd., 1976
Printed in Holland

Instability Thresholds of Nematic and
Smectic-C Liquid Crystals in Elliptically
Polarized Rotating Magnetic Fieldsy

MICHAEL A. PILIAVIN

Department of Isotope Research
and

R. M. HORNREICH

Department of Electronics, Weizmann Institute of Science, Rehovot, /srael
(Received February 3. 1976)

The behavior of nematic and smectic-C liquid crystals in elliptically polarized rotating magnetic
fields is studied. The lag angle between the rotating director and the field is time-dependent and
has the same rotation period as the field up to a critical frequency. The critical frequency,
average torque, and the lag angle are calculated as a function of the ellipticity of the field.

It is well known that the physical properties of liquid crystals are sensitive to
surface and shearing forces and to electric and magnetic fields.! In particular,
it is known that magnetic fields give rise to a torque which tends to reorient
the molecules such that they are aligned parallel to the field. (Only molecules
with positive diamagnetic anisotropy will be considered here.) When the
magnetic field is rotated about a fixed axis, the molecules are, in addition,
subject to an effective viscous torque caused by their motion relative to the
liquid. The behavior of nematic liquid crystals in circularly polarized fields
rotating at fixed frequencies has been studied by Tsvetkov et al.,> Gasparoux
and Prost,® Lee and Eringen,* and Leslie et al.’> They found that for a
normalized speed of rotation ¢, < 1 the average direction of the molecules

t This research was supported in part by a grant from the United States Israel Binational
Science Foundation (BSF), Jerusalem, Israel.
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(the “director™) rotates uniformly but lags the field by an angle y, whose
magnitude is given by

sin 2y, = Q<Q) (1

Ez: )
where g, = Q/Q,; Q is the angular speed of rotation, Q. = AyH?*/y is the
critical speed, Ay = x; — x, > 0 is the diamagnetic anisotropy, H is the
magnetic field, and # is a viscosity coefficient. When ¢, > 1 the predicted
motion is given by

. 2
tan<¢ - E) = [80 I:I” + tan[(e2 — 1)V3(z — 14)], (2)

4 go + 1

where ¢(1) is the director orientation in a coordinate system fixed to the
sample, 7, is an arbitrary constant and 7 is related to the time t by t = Q.¢.
The average angular speed of the director is now Q&% - 1)*/2.

As Q approaches Q, from below, it has been found?:3-® that the measured
torque does not conform to the behavior calculated from Eq. (1), Further,
when ¢, > 1, the measured average torque is found to be greater than that
found from Eq. (2). The reasons for these deviations are not completely
understood but are believed to be associated with spatial inhomogeneity of
the director. In fact, it will here be shown that there exists a range of experi-
mental conditions in which similar behavior can occur.

Consider a nematic or smectic-C liquid crystal in an elliptically polarized
rotating magnetic field. The field components are in the x-y plane and are
given by

H, = H cos Qt, H, = aH sin ), (3)
where a is related to the ellipticity e of the ellipse traced by the field vector by
@ =1-e*with0<e< .

Neglecting inertial, surface, and elastic forces, the equation of motion of a
nematic or smectic-C liquid crystal with its cone axis normal to the field
plane may be found using (for the nematic phase) the continuum theories
of Leslic® and Ericksen’ or simply by equating the viscous and magnetic
torques on the director. The result is

¢ = sin 2(et — P) — 62 sin 2(et + ¢) — 25 sin 2¢. 4
The normalized time variable T is now given by © = £,Q,t/e, where
i
T4 (1 =)l
To first order in § < 1, the solution of Eq. (4) is
¢ =et — vy — dsin2er — 2y), (6a)

£ = go{l + 8)?, 6 (3)
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with
sin 2y = &. (6b)

Equation (6) describes a dynamic director motion dependent upon the
field ellipticity. That is, the director does not simply follow the field with a
time independent lag angle but oscillates about an average angle y =
{et — ¢). This average angle is greater than that which would be obtained
at the corresponding rotation speed ¢, for the circular field case. Equation (6)
is valid for all y satisfying sin 2y < 1. Choosing the equality, the critical
rotation speed ¢, is found to be

g, =1 =25+ 0(5%). M

For the other limiting case, with § — 1, the director motion tends to the

solution
sin 2et
tan¢p = A exp|:—4<r + P )], (8)

where A is an arbitrary constant. In this case, the field is essentially along the
major axis of the ellipse over most of each period and the director tends to
align itself parallel to this axis regardless of its initial orientation.

Since analytic solutions of Eq. (4) could be found only for the limiting
cases discussed above, calculations for arbitrary values of e were carried out
numerically. Results for the average torque are shown in Figure | as a
function of ¢, for select values of 4. As can be seen, there exists a family of
curves, each with a distinct critical rotation speed ¢, at which an anomaly
occurs in the torque. As the ellipticity of the field is increased, the average
torque tends to zero ever more rapidly at rotation speeds greater than the
critical one. The critical curve ¢/(J) is given in Figure 2.

For a given ellipticity, the time-dependent behavior of the director has
no instabilities below the critical rotation speed and the oscillation ampli-
tudes are functions of 6 but independent of ¢,. These amplitudes, normalized
with respect to 45°, are shown in Figure 2. As noted earlier, the average lag
angle is always greater than the angle which would occur in the case of a
circular field at the corresponding rotation speed. This can be seen clearly in
Figure 3 where the sine of twice the average lag angle is shown for various
values of é as a function of &,.

A study was also made of the behavior of a single domain smectic-C phase
for the case in which the cone axis makes an angle o« with the normal to the
plane in which a circularly polarized field is rotating. Here, in the co-ordinate
system in which the cone axis coincides with the polar axis, the field will have
an oscillating component along this axis and the rotating field vector in the
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FIGUREl Curves | to 6 show the normalized average torque as a function of the normalized
rotation speed &,. Curves 1 to 4 are valid for the nematic phase and also for the smectic-C phase
when the smectic cone axis is normal to the field plane. The field ellipticity parameter ¢ is equal
to 0.0, 0.1, 0.2, and 0.5, respectively. Curves 5 and 6 refer to the tilted smectic-C phase with
§ = 0.025,20 = 70°and 6 = 0.1,28 = 160° where 26 is the smectic cone angle. Curves 7 and 8
give the maximum oscillation amplitude of the director on the smectic-C cone for the same
parameters as 5 and 6, respectively.
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FIGURE 2 Curve | gives the maximum oscillation amplitude of the director as a function of
the ellipticity parameter & of the applied field for the nematic phase and also for the smectic-C
phase when the smectic axis is normal to the field plane. Curves 2 to 4 give the critical frequency
&, below which the rotating director has the same period of rotation as the field. Curve 2 applies
to the same cases as curve | while 3 and 4 are for the tilted smectic-C phase with cone angles 26
of 70 and 160°, respectively.
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FIGURE 3 Dependence of average lag angle {y) on the normalized rotation speed &,.
Curves 1 to 4 are valid for the nematic phase and also the smectic-C phase when the smectic cone
axis is normal to the field plane. The field ellipticity parameter o is equal to 0.0, 0.1, 0.2, and
0.5, respectively. Curves 5 and 6 are for the tilted smectic-C phase with = 0.1, 26 = 160~
and & = 0.025, 26 = 70° where 20 is the smectic cone angle.

azimuthal plane will trace out an ellipse. The equation of motion of the
director is

¢ = sin 2(et — ¢) — 6 sin 2(et + ¢)

— 23 sin 2¢ + 612 cot 6{(3 — d)cos 2<sr - %)

+ (1 — 3d)cos 2(31 + %) — 2(1 — d)cos d)}, 9

where 20 is the smectic cone angle. The motion of the director is now de-
pendent also upon 8. The ellipticity is now given by e = sin « and 4 is related
to ¢ by Eq. (5).

Upon solving Eq. (7) numerically, a family of curves dependent upon the
cone angle and the ellipticity was obtained. Typical torque curves for select
values of 4 and 6 are shown in Figure 1. Note that all the normalized curves
given in Figure 1 must be scaled by a factor AyH?(1 — e)'/? cos 6 in order to
obtain the torque component normal to the applied field. The critical
rotation speed below which time-dependent solutions of the type discussed
for Eq. (4) exist are shown in Figure 2. In both figures the curves for the tilted
smectic-C phase are depicted by dashed lines. It is seen that the critical
rotation speed decreases rapidly with decreasing cone angle and increasing
tilt angle. The calculated sine of twice the average lag angle for the director
moving on the tilted domain cone is shown in Figure 3.
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In summary, it has been shown that nematic and smectic-C liquid crystals
in the presence of elliptically polarized magnetic fields can exhibit an in-
stability threshold when the rotation speed reaches a critical value. Results
have been given for the critical frequency, average torque, and lag angle as a
function of the field ellipticity. These quantities may be studied experimentally
by means of either torque magnetometer?™ or electron resonance spectro-
scopy measurements.>® In particular, the results presented here can be
used to check the validity of the assumption that the rotational modes are
spatially homogeneous under a variety of experimental conditions by
varying the ellipticity of the applied field.
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